INTRODUCTION
A variety of rigid body dynamics modeling problems demand consideration of very large rotations. Some of the best known examples involve aircraft [1] and spacecraft [2, 16] , although the analysis of large rotation dynamics is of generic interest in a wide range of applications, including mechanism and machine theory [3, 4] and molecular dynamics [12] .
Most models of rigid body dynamics problems employ Euler angles [5] . Such formulations lead to equations of motion which are unconstrained, but which contain singularities [1] .
Other singular three parameter methods have been developed, including for example those of Laning-Bortz-Stuelpnagel [11] and Rodriguez [13] . The presence of singularities in all these methods has motivated the development of alternative four parameter modeling schemes [11] , including Euler parameters [15] . Such formulations replace the three Euler angles with four 3 Graduate research assistant 4 Professor parameters and an algebraic constraint. This avoids the Euler angle singularities but leads nominally to a system level model in differential-algebraic form.
In an attempt to avoid both singular equations of motion and differential-algebraic systems, several authors have presented reformulations of Euler parameter based models, for use in three dimensional rigid body dynamics problems. Chang et al. [2] , Nikravesh and co-workers [7, 8, 9, 10] , and Vadali [17] In the process they eliminate the unknown Lagrange multiplier.
As an alternative to Lagrange's equations, a Hamiltonian formulation of rigid body dynamics with Euler parameters has been proposed by Morton [6] . However his final formulation is of order eight, and includes a superfluous momentum variable as well as a 'generally arbitrary' unspecified scalar parameter. It appears that no previous work has attempted to revise or improve upon the Morton formulation.
The usefulness of formulations based on Hamilton's canonical equations is well recognized [3] . They offer an explicit state space description of system dynamics problems which is:
(a) convenient for numerical integration, (b) well suited for coupling to automatic control system models, and (c) energy based and hence providing clear physical insight. Recognizing these strengths, a revision and extension of existing Hamiltonian formulations for rigid body dynamics is of generic interest. The present paper presents such work, deriving unconstrained Hamilton's equations for the three dimensional dynamics of a rigid body in terms of Euler parameters, and hence suitable for use in simulations involving arbitrary rotational motion.
The derivation avoids any requirement to determine the Lagrange multiplier associated with the Euler parameter constraint. No arbitrary parameters are introduced, and the final rotational formulation is of order seven. A general potential energy function and nonpotential virtual work effects are included in the model. Validation and application of the method is illustrated here in several three dimensional example problems.
KINEMATICS
This section defines the kinematic variables of interest, and recalls a number of well known kinematic relations [1] , for use in succeeding sections.
The position and orientation of an arbitrary rigid body is described here in terms of seven 
Knowledge of the Euler parameters determines a (nonunique) set of Euler angles (φ, θ, ψ)
for the body, associated with a 3-1-3 rotation sequence, via the relations
The Euler parameters define an orthogonal rotation matrix (R) which relates the vector of components (a) of a first order tensor described in a fixed Cartesian coordinate system to a corresponding vector of components (â) described in a body fixed co-rotating frame, using
where 
The four Euler parameters are not independent, and satisfy the constraint equation
which then implies
where I is an order three identity matrix. In addition, G and e and their time derivatives satisfy the identities
The kinematic equations [1] which relate the time derivatives of the Euler parameters to the components of the angular velocity vector ( ω ) of the rigid body, expressed in the body-fixed co-rotating frame, are
Finally note that the skew-symmetric matrix Ω, with axial vector ω, which satisfies
for any vector v, is related to the Euler parameters and their time derivatives by
The next section defines kinetic and potential energy functions and hence the Hamiltonian for the system of interest.
KINETIC AND POTENTIAL ENERGY
The complementary kinetic energy for the rigid body may be expressed as
where m is the mass and J is a constant matrix of components for the moment of inertia tensor of the body, referred to the co-rotating frame. In terms of the Euler parameters and their time derivatives,
which has the form T * = T * (ċ,ė, e ). It follows that the generalized momenta are
Note that the identities (10) through (12) require
Since the complimentary rotational kinetic energy may also be expressed, using equation (11), as
then the Euler parameter dependence of T * defines the partial derivative
The kinetic energy of the body is defined via the Legendre transform
so that the preceding results lead to the canonical form T = T ( p, g, e ) which is
and require that (see the appendix)
For the mechanical systems considered here, the potential energy function has the general
and the system Hamiltonian is
The next section introduces a virtual work expression, to account for nonpotential effects.
NONPOTENTIAL VIRTUAL WORK
The quasi-coordinates q associated with the co-rotating components of the angular velocity vector are defined byq
In terms of the latter coordinates, and the center of mass coordinates, the nonpotential virtual work due to the imposed forces f (t) and torques T(t) is
the virtual work expression which defines the generalized nonpotential forces is
Note that damping effects may contribute additional terms to the nonpotential virtual work, in which case the nonpotential forces may depend on the generalized coordinates and velocities. In addition the presence of nonholonomic constraints may introduce terms which depend on unknown Langrange multipliers. The last problem discussed in the examples section illustrates the effects of both damping and nonholonomic constraints.
The next section derives Hamilton's equations for the system.
HAMILTON'S EQUATIONS
The system Hamiltonian has the form H = H ( p, c, g, e ) and the canonical Hamilton's equations areṗ
where f p and f g are the nonpotential generalized forces associated with the virtual work and any applied constraints. The Euler parameter constraint has the rate forṁ
Introducing a Lagrange multiplier λ, the latter constraint combines with the virtual work expression to yield
so that for the derived Hamiltonian the momentum balance equations arė
The last equation includes an unknown Lagrange multiplier and a superfluous momentum variable. These variables are eliminated by introducing the three-momentum vector
whose time derivative isḣ
With equations (11) and (36) this yieldṡ
which eliminates both λ and the four component momentum vector.
The final unconstrained Hamiltonian model iṡ
Given a potential function and the virtual work, the preceding explicit equations may be integrated to simulate the system response.
As outlined in the introduction, the rigid body dynamics formulation derived here com- The first example models the free vibration of a rigid circular disk of radius r, rotating about a fixed point, and attached to a linear spring of stiffness k (see Figure 1) . The potential energy function is
where y p denotes the vertical displacement of the point of attachment of the spring, measured in a Cartesian coordinate system whose origin lies at the center of the disk. Note that the indicated Euler parameter dependence of the potential energy is obtained using equation (5) . Assuming the model parameters and initial conditions listed in Table 1 The second example models the torque free motion of a rigid body, for the inertial properties and initial conditions listed in Table 2 . A partial analytical solution for this classic problem is known and can be expressed in terms of elliptic functions [6, 16] . Figures 4 and   5 shown the time variation of the angular momenta and Euler parameters computed using the present Hamiltonian formulation. Figure 6 plots the implied Euler angles, emphasizing the discontinuous nature of the latter variables. Table 3 shows excellent agreement of the analytical and numerical solutions for the amplitudes and periods of the angular momenta, in three dimensional motion.
The third example models the translational and rotational motion of a spinning top in a uniform gravitational field. This problem is described in many advanced dynamics texts [4] , and is used by Simo and Wong [14] to evaluate their symplectic numerical integration scheme. The potential energy for the system is
where W is the weight of the top and z c is the vertical coordinate of the center of mass. The simulation parameters and initial conditions for the problem are listed in [14] , and are obtained using the same time step, but without resort to their symplectic integration scheme.
The fourth example considers the rotational motion of a rigid rotor damped by a partially filled mercury ring damper. The reader is referred to Chang et al. [2] for a detailed discussion of this problem, and its application in the analysis of gyroscopic seekers. We focus here on the formulation of a dynamic model for the system analyzed in reference [2] . The paragraphs which follow develop an explicit Hamiltonian model for this system, an alternative to the implicit Lagrangian model of Chang et al., adopting their stipulated assumptions on stored energy functions, energy dissipation, and kinematic constraints.
The rotor is modeled as a rigid circular cylinder with a fixed center of mass located at the origin of a global XYZ coordinate system. The partially filled mercury ring damper is a cylinder of mean radius R, co-axial with and external to the rotor, with a centroid displaced a distance L along the rotor axis from the rotor center of mass location. Bodyfixed coordinate systems for the rotor (xyz) and ring (uvz) are co-located at the centroid of the damper, where the z direction is aligned with the rotor axis. The partial mercury ring is free to rotate about the rotor axis, subject to a damping torque which is linear in the axial angular velocity difference between the rotor and the ring, but is otherwise constrained to move with the rotor. Hence the orientations of the body-fixed axes systems which co-rotate with the rotor and the ring differ only by an angle β, which describes the axial rotation of the ring with respect to the rotor.
The assumed complimentary kinetic energy for the system is [2]
where ω and ω m are angular velocities for the rotor and ring and
are constant moment of inertia matrices for the rotor and ring. All four quantities are described in the respective rotor and ring body-fixed co-rotating coordinate systems.
The assumed potential energy for the system, due to the gravitational potential of the mercury, is [2]
where m is the mass of the mercury, g c is a constant gravity acceleration vector described in the fixed XY Z frame, R is the rotation matrix of equation (6), whose Euler parameters (e) refer to the rotor-fixed frame, r c is a constant vector which locates the mercury center of mass, γ is the angle which subtends the mercury arc (symmetric about the u axis), and B is an orthogonal matrix which defines the transformation of vector components from the rotor-fixed to the ring-fixed frame
Note that V = V (e, β). The virtual work for the system, due to damping at the ring-rotor interface, is [2] 
where C d is an empirical dimensionless damping coefficient.
Given the preceding modeling assumptions, Hamilton's equations for the rotor and ring system areḣ
where h and h m are angular momenta for the rotor and ring
and T, T m , and T β are nonpotential forces due to damping and kinematic constraints. Note that the degenerate form of Hamilton's equation for β is due to the fact that the latter generalized coordinate, which appears in the potential energy function, is not associated with a corresponding generalized momentum variable. The kinematic constraints are [2] 
They quantify the aforementioned modeling assumption that the ring moves relative to the rotor only in axial rotation.
An explicit state space model may be obtained by application of the constraints, as follows.
Introducing a Lagrange multiplier µ for the constraint (59), and accounting for the virtual work, requires
where c denotes the vector [0, 0, 1] T . The degenerate Hamilton's equation for β therefore determines the Lagrange multiplier as
Hamilton's equation (54) for the ring angular momentum may now be written in the forṁ
Since the constraints specify bothβ and the first two components of the ring angular velocity vector as functions of the set (β, ω 1 , ω 2 , ω m3 ), the third of equations (62) is an evolution relation for the unknown ω m3 . Combining the third of equations (62) with the constraint equation (59), the constitutive relations (57), and Hamilton's equations (53) and (55), the result is an explicit state space model of order nine for the ring-rotor system. The final state equations areḣ
energy based modeling approach well suited to address problems with complex geometric nonlinearities. As compared to previous work, the formulation derived here offers a unique combination of features. It avoids the introduction of algebraic constraints and unspecified parameters, includes a general potential energy function, incorporates a minimum set of momentum variables, and takes an explicit state space form convenient for use in control related applications.
APPENDIX
A complimentary kinetic energy expression (T * ) with the functional form
has the total differential
The corresponding kinetic energy function (T ) is determined by the Legendre transform
and has a total differential defined by
as well as the canonical form
It follows that 
